In this work we study second-harmonic generation a monocrystalline nanoparticle with a non-centrosymmetric crystalline lattice. It was shown that breaking the symmetry of the nanoparticle's shape can significantly affect the second harmonic radiation pattern. We propose a method for explaining and predicting the generated field for arbitrary nanoparticles and provide selection rules for nanoparticles with several different symmetries.
order.
To make further derivations more compact, the vector spherical harmonics M and N will be denoted by the same letter W p i p r mn (ω), with magnetic harmonics M p r mn denoted by index p i = (−1) n+1 , and electric harmonics N p r mn by p i = (−1) n . Index n corresponds to the order of the multipole, m takes values from 0 to n, and p r = 1 if the function W p i p r mn (ω) is even with respect to reflection in the y = 0-plane (ϕ → −ϕ in spherical coordinates), and p r = −1 if it is odd. The decomposition of the SH field has the form:
p i p r mn (2ω)]
The superscript (3) means that the harmonic corresponds to a diverging wave [21] . In [29] , using the multipole expansion of the Green's function [28, [30] [31] [32] [33] it was shown that the coefficients D p i p r mn are proportional to the integral of the scalar product of the induced SH polarization P 2ω (r) =χ (2) E ω (r)E ω (r) and the vector harmonic with indices p i , p r , m, n over the nanoparticle volume:
The incident field inside the particle can also be decomposed into vector spherical harmonics [21, 29] , where multipolar content depends on the illumination conditions and the nanostructure's symmetry (see, for example, [34] ). The contribution of certain multipoles is usually dominant, and due to the possibility of selective excitation, we will separately consider the "overlap integrals" of three multipoles, two of which relate to the incident field. Rewriting the integrand (2) by components and expressing the scalar projections of vector spherical harmonics as scalar products with cartesian basis vectors we show that the generation of the multipole W p i p r mn in the SH from the multipoles W p i p r m n and W p i p r m n in the fundamental mode depends on whether the integrals of the following form vanish:
Here N α are basis vectors of the Cartesian coordinate system which are proportional to electric vector harmonics with n = 1, taken at zero frequency [29] , N x ∝ W −1111 (0), N y ∝ W −1−111 (0), N z ∝ W −1101 (0). Note that summation is performed over repeated indices, and the integral (3) is the sum of the integrals of three scalar products of vector spherical harmonics over all nonzeroχ (2) -tensor components.
First, we consider the integrals for the nonzero components of theχ (2) -tensor. According to the selection rule theorem for matrix elements [35] , such an integral over the symmetric nanoparticle's volume will be nonzero only if the integrand contains an invariant with respect to all transformations of the particle's symmetry. Since the integrand is a scalar value, it is convenient to expand it in a series in terms of scalar functions ψ p r mn (r, ω):
cos mφ sin mφ P m n (cos θ). Their radial part is invariant with respect to any point transformations, and the angular part is transformed in a known way [36] . Examples of scalar functions that contain invariants with respect to transformations of different particle symmetry groups are shown in Table 1 (first column). These functions contain invariants only if the particle is located in a certain way relative to the coordinate axes. For a particle rotated in an arbitrary fashion, they must be transformed with Wigner D-matrices. In order to understand whether any of the terms of the integral (3) contain functions invariant with respect to particle symmetry transformations, we first decompose each of the scalar products in functions ψ p r mn (r, ω) (with |r|-dependent coefficients). Clebsch-Gordan expansions for scalar products of spherical vectors are known from the literature [37] (7.3.10) . Based on them, we obtain the rules that determine the numbers p r , m, n [29] (Appendix B). These rules are based on the fact that the vector spherical harmonics with the numbers m, n behave in the same way as scalar harmonics under rotations, though, when reflected, the behavior of the magnetic harmonics is opposite. It is also necessary to take into account the orthogonality properties of vector functions, such as:
After this procedure, only the sum of the products of three scalar functions remain in the integral
and they in turn can be decomposed again into scalar functions with known coefficients [29, 38] :
In the case of a spherical particle, the integral I W ,W →W can be nonzero only if the coefficient before the ψ 100 is nonzero. For particles of other symmetries, the presence of the spherically symmetric function ψ 100 is not necessary, the integral may be nonzero if the decomposition includes at least one of the functions ψ p r mn which are invariant with respect to the symmetry transformations of the given particle. This changes the selection rules, for example, the "triangle rule" disappears for all particles except spherical ones. Table 1 provides simplified selection rules that do not take into account the possible orthogonality of vector functions. The product of the parities p i p r as well as the sum of the projections m (the signs ± can be chosen arbitrarily) of all harmonics under the integral, should give the parities and projections of some functions which are invariant with respect to the particle's group transformations. Due to the form of the integral (3), the unit vectors of the Cartesian coordinate system have indices of vector spherical harmonics with n = 1. The corresponding projections in the table are denoted as
The table shows that the lower the symmetry of a particle, the weaker the selection rules for SHG. However, it can be seen that for a cylinder lying on its side, the rules look "weaker" than for a cylinder oriented along the z-axis. This is due to the fact that selection rules don't provide the exact form of the coefficients before each multipole. For example, the function ψ 102 , which is invariant for the z-oriented cylinder, is presented as a sum of the functions ψ p r m2 when rotated [36, 39] , so, for the arbitrarily oriented cylinder the specific combination of ψ p r m2 is invariant, while the selection rules can't specify it (see Fig. 1 ). Because of this, it is advisable to choose the most natural location of the coordinate system, which will reveal a greater number of forbidden transitions. When we choose an arbitrary coordinate system, the multipoles with all possible m and p r appear in a generated field, but they are still the multipoles with specific m and p r , but rotated with help of Wigner D-matrixes. For a similar reason, selection rules at the bottom of table 1 look different for different orientations of the prism or pyramid, but these are the same rules in different coordinate systems. The SHG from structures with Td lattice ( χ αβγ = χ| αβγ |, − Levi-Chivita tensor), especially AlGaAs or GaAs nanostructures, is extensively studied [6, 40, 41] , and interesting properties of the SH signal revealed [42, 43] , so, on the right side of table 1 we illustrate the selection rules with the example of such structures. We depict the radiation patterns of allowed multipoles generated by the x-polarized plane wave, whose E-field is even under y = 0-plane reflection (p r = p r = 1), and m ω = m ω = 1 [21] . (3) . Radiation patterns of some multipoles with these numbers are provided in the table. When we reduce the symmetry of a structure, additional multipoles become allowed, examples of their appearance are shown in comparison with a higher-symmetry cylindrical structure. The plane wave has low symmetry itself, so the differences between different structures are not very strong, sometimes appearing only for high multipolar orders. However, the contributions of the multipoles are defined by the resonances of the structure, and sometimes it's reasonable to consider only major contributions to the fundamental wave, which makes the rules more specific. We consider an example of a single-mode excitation in the next section. Note that if we change the orientation of the crystalline lattice or excitation wave, the corresponding indexes will change and it is necessary to apply the rules again.
Although the rules given in the table allow a large number of forbidden transitions to be detected, sometimes it is necessary to decompose the integrand over scalar functions for each of theχ-component, as described in [29] , to obtain more strict selection rules. This still does not exclude the existence of specific prohibitions, for example, due to integration over the radius. However, if we pay attention to the properties of the tensorχ (2) during the crystalline lattice's group transformations, we can extract additional information about the selection rules in the system. So far, the obtained rules applied to each of the addends in (3) separately, however, after summing up over the repeated indices α, β, γ, additional restrictions may appear due to the fact that the addends mutually destroy each other because of lattice symmetry. The method of detecting these prohibitions is based on the fact that under symmetry transformations, which are common elements of particle's and lattice's groups, (the mutual orientation of the lattice and the particle is important) the intergral (3) must be invariant as a whole. Indeed, under transformations from the crystalline lattice's group, the tensorχ (2) is not transformed, and only three vector harmonics are transformed, which means that for the integral over the particle volume to be nonzero, the product W p i p r m n (ω) ⊗ W p i p r m n (ω) ⊗ W p i p r mn (2ω) should contain an invariant for all particle transformations that do not change the tensorχ (2) . Thus, it is necessary to consider the behavior of vector harmonics with respect to the intersection of the particle's and lattice's groups, and to determine whether their product contains an invariant representation. Symmetry classification and irreducible representations of vector spherical harmonics for finite groups are given, for example, in [29, 44] .
Single-mode excitation
According to [45, 46] , selective excitation of individual multipoles at the fundamental frequency is possible. Therefore, for simplicity, we consider SHG by a magnetic dipole M −101 (parallel to the z-axis) in a monocrystalline nanocylinder (Fig. 2 ) from gallium arsenide (T d lattice, ε = 12.96, with the crystal axes directed along the coordinate axes). A similar geometry was studied experimentally in [47] . To study the effect of symmetry breaking, a cylinder truncated along the x = y plane was also considered. The wavelength corresponding to the fundamental frequency ω is 1480 nm, the cylinder's radius is 140 nm, and it's height is 280 nm. The smallest width of the truncated cylinder is 230 nm. We computed the SH radiation patterns with COMSOL Multiphysics for both nanoparticles. The calculations show that for the whole cylinder the main share of the radiation is accounted for the magnetic quadrupole (M −122 ), and negligibly small for higher-order multipoles, since the frequency is far from their resonances. In the case of symmetry breaking (truncated cylinder), the generation of the electric dipole along the z-axis (N 101 ) is allowed, and the main part of the radiation energy falls on this mode, which interferes with the magnetic quadrupole, which is reflected in the radiation pattern. Applying the selection rules to SHG from a magnetic dipole in the cylinder with T d lattice we obtain that the only non-zero integrals (here we recall the orthogonality properties of vector functions) are χ fig. 2 . In order to allow generation of the electric dipole along z, the integral ∫
which is also illustrated on the right side of fig. 2 , should contain an invariant, to achieve this, we break the symmetry of the particle by making small cuts along the x = y direction. Since the effect of the appearance of an electric dipole is in violation of symmetry, and it is not associated with resonances, it manifests itself in a range of wavelengths. Moreover, by changing the width of the truncated cylinder, it is possible to control the value of the contribution of the electric dipole. By breaking symmetry along other directions, it is also possible to allow the generation of other dipole (and higher) modes. Note that such cuts also affect the fundamental mode by adding other multipoles to it, but this effect is insignificant and does not affect the selection rules due to the fact that the admixed multipoles have a certain symmetry. Conclusion. The paper explains the effect of the nanoparticle shape on the second-harmonic signal, and presents a method for finding the selection rules for particles of arbitrary shapes from any non-centrosymmetric material. A table of selection rules for particles of the most common forms is given. The obtained selection rules are also be suitable for other nonlinear processes, such as spontaneous parametric scattering, generation of higher harmonics, sum-frequency, etc., with minor changes. Due to the fact that even a slightly imperfect particle shape can significantly affect the generated fields, the results of this work can be used to explain the possible discrepancies between theoretical predictions and experimental observations. 
